Abstract-This paper presents a closed-form solution to the inverse kinematic problem for general fluoroscopic C-arms. The resulting algorithm determines the necessary joint parameters for imaging a given point of interest p from a given direction z. The existence and uniqueness of the solution is proven for all p and z. The inverse kinematics lays the basis for a completely robotized C-arm. The paper describes some applications for such an automatized device and presents the first results.
INTRODUCTION
A C-arm is a device for acquiring X-ray images in orthopedics and during surgical operations. Such arms are routinely used in most trauma surgeries and orthopedic surgeries. The C-arm consists of an X-ray source and an X-ray detector, both mounted to a C-shaped fixture (Fig. 1) . The standard C-arm has five joints in total, three of which have rotational axes and two of which have translational axes. Currently the axes are all passive and all motions are performed by hand by the surgeon. The goal of our project is a robotic C-arm where all joints can be moved under computer control. We have described a large variety of potential medical applications for such a robotic device in our previous work [1] . Specifically, certain procedures can be performed with less effort, thus saving operating time. This in turn would result in reduced infection risk for the patient and, since fewer X-ray images would be necessary in some cases, reduced radiation exposure for the patient and the surgical team. Furthermore, standard C-arms are stand-alone devices and cannot be used actively in navigation environments present in modern operating rooms. The robotized C-arm overcomes this restriction and enables the implementation of a number of basic movements like free isocentric rotations and Cartesian movements. It also paves the ground for advanced applications like computed tomography or digital subtraction angiography without the need for extra equipment.
However, the robotic control of a C-arm requires a complete inverse kinematic solution. It turns out that the inverse kinematics in this case is quite intricate, so that a straight-forward application of standard methods fails. In particular, the offsets a 4 (between axis 4 and 5) and a 5 (between axis 5 and the beam) complicate the mathematical treatment. Until now, no general analytic solution for the inverse kinematics was known. Only partial results correcting the non-isocentric movement of the C-arm when moving joint 5 (orbital rotation) have been published [2, 3] . In contrast to the sparse coverage of complete motion control for C-arms in the literature, the demand and the number of applications for such devices are strongly increasing [4 -8] .
This paper closes the gap and presents an algebraic solution for C-arms with general offsets. This enables for the first time complete automated positioning of general C-arms. Furthermore, we show both uniqueness and existence of the solution. This implies that there is exactly one joint setting for imaging a certain point of interest from a given direction. Our solution is practical and we present experimental results obtained with a fully robotized C-arm.
The paper is structured as follows. Section 2 introduces the C-arm mathematically and summarizes the results of the forward analysis. The inverse kinematic solution is presented in Sections 3 and 4. In Section 5, we prove the existence and uniqueness of the solution. Finally, in Section 6, we present some applications of the robotized C-arm.
To make reading easier, a table of all used notation is given in the Appendix. Figure 1 shows their effect on positioning the beam. Note that in general a C-arm has two geometric offsets, denoted a 4 and a 5 . The first one describes the distance from the rotational axis of the angulation (joint 4) to the rotational axis of the orbital movement (joint 5). The second offset, a 5 , measures the distance from the rotational axis of the orbital movement to the centre of the X-ray beam. If both offsets are zero, we speak of an isocentric C-arm. If at least one of the offsets is not zero, the C-arm is non-isocentric. These two offsets make the (real and mathematical) handling of the C-arm difficult, because rotations of joints 4 or 5 move the X-rayed point of interest p. In Sections 3 and 4 we will see how to overcome this problem.
For the forward kinematics we determine the relationship between the joint parameters d 1 
Straight-forward application of the Denavit-Hartenberg rules [9] gives:
where C i denotes cos θ i and S i denotes sin θ i . Details on how to define the coordinate systems and how (1)-(6) are derived can be found in Ref. [1] .
THE INVERSE PROBLEM
Given a region of interest p ∈ R 3 and a beam direction z ∈ R 3 from which to look at p, the problem is to find the necessary joint parameters d 1 , θ 2 , d 3 , θ 4 and θ 5 of the C-arm. Since p and z are three-dimensional vectors each, this amounts to finding a five-parameter solution of a nonlinear equation system with six equations. So there seem to be cases where no solution can be found, because the parameter space is five-dimensional, whereas the image space has dimension six. However, recall that z encodes only a direction, not a true vector, so the problem is reduced to z being a unit vector, i.e., z (1)- (3) and reduces the image space to dimension five.
The following section presents a combined analytic-geometric approach to solve (1)-(6) for d 1 , θ 2 , d 3 , θ 4 and θ 5 . The main step is to reduce the problem to finding the unique root of an algebraic function f . Note that f will not be a polynomial. In this way we avoid the need to distinguish between different roots of f .
We prove at that our algorithm finds a solution for all vectors p and z, and that this solution is unique. Note that this does not take the kinematic restrictions of real C-arms into account, it needs to be checked if all values of the solution are within the range of the actual C-arm used.
We should remark that our algorithm is not the most general one. We need to restrict ourselves in so much as:
• a 5 > a 4 > 1000 mm. The second restriction is more severe, but also here most C-arms comply. In particular, all isocentric C-arms and the Ziehm Vario 3D, which our group has robotized, fall within this category.
Regular case
We call all cases with C 4 , S 4 , C 5 ,
• }, regular. This is equivalent to z z / ∈ {−1, 0, 1} and z
y / ∈ {0, 1}. Our aim is to use (1)- (6) to yield an equation depending only on one variable. In our case this will be C 4 . We will see that we arrive at such an equation and that it possesses a unique solution which can be found by standard numerical methods.
We start by multiplying (1) by C 2 and adding (2)·S 2 . This yields:
Similarly:
Multiplying the last two equations by z x and z y , respectively, and adding them, we get an equation for C 2 :
Note that this only holds in the regular case z
In the same way we can express S 2 as:
Multiplying (4) and (5) by C 2 and S 2 , respectively, and adding the results we obtain:
We substitute C 2 and S 2 by the expressions found in (9) and (10) to get:
where
, where σ 4 := sign(S 4 ) and σ 5 := sign(S 5 ). That yields:
We substitute C 5 = z z /C 4 from (3) and multiply by C 4 to get:
where ζ 4 := sign(C 4 ). Note that this only works if C 4 = 0. If σ 4 , σ 5 and ζ 4 were known, C 4 would be the only unknown in (14) . However, these values can indeed be inferred by a geometrical approach (see Section 4) .
From (3) and from the fact that θ 5 ∈ (−90 • , 90), i.e., C 5 > 0, we conclude that C 4 lies between z z and ζ 4 . So we find the value of C 4 as the root of:
in the interval [z z , ζ 4 ]. In our implementation this was done by using Ridders Method as described in Ref. [10] . Note that we show in Section 5.2.2 that f has exactly one root in the given interval. From that and from the continuousness of f it follows that the value of C 4 can be determined up to arbitrary accuracy by a simple bisection method. Now the main work is done. The value of C 4 together with the sign of S 4 uniquely determines the value of θ 4 in the interval (−180
From (3) we get the value of C 5 and together with sign(S 5 ) the value of θ 5 . The value of θ 2 is found by using the ATAN2 function, and (10) and (9) . The parameter d 3 is then known from (4) or, if S 2 = 0, from (5) . Finally, (6) gives the value of d 1 .
Singular cases
We distinguish five different singular cases where at least one of the variables S 4 , C 4 , S 5 or C 5 is zero. For four cases the solution to the inverse problem can be done by hand. For the solution of C 4 = 0 a scheme similar to the regular case will be used.
Singular cases with S
• , 180
• } (note that we have excluded the case θ 4 = −180
• ). We distinguish two subcases, C 5 = 0 and C 5 = 0 (see Fig. 3 ). 3.2.1.1. S 4 = 0, C 5 = 0. Here, the fifth joint is turned forward or backward as much as possible, i.e., θ 5 = ±90
• . This is distinguished by the value of σ 5 . The value for θ 2 is obtained as θ 2 = ATAN2(−p x σ 5 , p y σ 5 ). The value for d 3 is found using either S 2 or C 2 and (4) or (5), respectively. However, we cannot solve (6) for d 1 , because the value for C 4 is not known. In fact, there are two possible values for θ 4 , i.e., θ 4 = 0
• and θ 4 = 180
• . So it must be checked whether the solution of (6) for C 4 = ±1 yields a valid value for d 1 , i.e., a hub in the range of the C-arm.
S
In this case (3) is non-trivial again, so the sign of C 4 is given by the sign of z z and hence we have a unique θ 4 ∈ {0
• }. As we will see in Section 4.3, we can determine σ 5 , the sign of S 5 , from p and z. This is all we need to solve (1) and (2) for θ 2 :
The corresponding value for S 5 is found using θ 2 and either (1) 
The value of d 3 is computed as before. Finally, d 1 is obtained from (6). Fig. 4 ).
Singular cases with S
4 = 0. We distinguish the subcases C 4 = 0 (θ 4 ∈ {−90 • , 90 • }), S 5 = 0 (θ 5 = 0) and C 5 = 0 (θ 5 ∈ {−90 • , 90 • }) (see
3.2.2.1.
That is the only singular case requiring numerical solution as in the regular case. For C 4 = 0 holds σ 4 := sign(S 4 ) = S 4 . As we will see in Section 4.1, we can determine σ 4 directly from p and z. We start from (12) . Now substitute
We define
As we will see in Section 4.3, we can determine σ 5 the sign of S 5 analytically, so we get S 5 by finding the root x 0 of g in the interval [0, σ 5 ]. Again it can be shown that this root exists in all cases and is unique (see Section 5.2.1). The value of θ 5 is given • , 90 • ] this amounts to C 5 = 1 and from (3) we get C 4 = z z . This saves us the work of determining the zero of the function f in the regular case. However, all calculations from the regular case to determine the parameters from C 4 remain valid, so we continue as in Section 3.1.
S

C
• . So the value of θ 2 can be found as in Section 3.2.1.1. Furthermore, (4) becomes:
and (5) simplifies to:
Computing C 2 · (18) + S 2 · (19) gives the value of S 4 as
This is enough to compute d 3 as before from equations (4) Remark 1. For C-arms with a 5 = a 4 , the calculation above is not valid. In such a case, the value of θ 4 for σ 5 = 1, i.e., θ 5 = 90
• , is completely arbitrary and has no influence on the value of d 1 . For an isocentric C-arm, i.e., for a 4 = a 5 = 0, this is also true for σ 5 = −1, i.e., θ 5 = −90
• .
DISTINGUISHING THE CASES
The question arising from the five singular cases is how to tell only from the vectors p and z which case we are in. This section gives answers (and proves them). Furthermore, we will see how to obtain the values for σ 4 , σ 5 and ζ 4 from p and z. Especially
Proof. From equations (1), (2), (4) and (5) we calculate z x p y − z y p x . After cancellations and using the Euclidean Pythagoras sin 2 θ + cos 2 θ = 1 we get: 
Equation (22) 
Proof. For C 5 = 0, (20) becomes:
Hence '⇒' follows. Now if C 5 = 0 we have from z z = 0 that C 4 = 0, i.e. S 4 = ±1. So:
This shows '⇐' and completes the proof. 
EXISTENCE AND UNIQUENESS
We conclude the discussion of the inverse kinematics by two sections proving the existence and uniqueness of the solution. The existence result implies that, apart from mechanical limits, all points p can be X-rayed from all directions z. In reality, of course, the range of the joints restricts the workspace of the C-arm. Furthermore, the uniqueness result shows that there is only one setting for joints 1-5 to X-ray a given point p from a given direction z. That means that if the limitations of a real C-arm prohibit an image of p from direction z, there is no chance to get around it by trying another joint configuration as it is the case with standard 6-d.o.f. industrial robots, where different arm configurations for the same endeffector position exist.
Existence of a solution
The previous sections showed that for all values of p and z we have an algorithm to find a solution. For all singular cases apart from Section 3.2.2.1 it is clear that the algorithms do indeed solve the specific inverse problem. It remains to show that our algorithms give a solution also for the regular case and for the case in Section 3.2.2.1.
Existence of a solution in the regular case.
It is enough to show that the function f defined in (15) has opposite signs at x 0 = z z and x 1 = ζ 4 .
Lemma 4. For f as defined in (15) 
Existence of a solution in the case
Similarly, we show that for S 5 < 0 the product g(−1)g(0) is less than zero and for S 5 > 0 holds g(0)g(1) < 0.
We start with the case S 5 < 0. From the definition of g, (17), we get:
).
As we saw in Section 4.3, α − a 4 < 0 for S 5 < 0. Furthermore, it holds σ 4 β < 0. So the claim is proven if |β| > a 4 + a 5 . Recall from the definition of β and (20) that for z z = 0, i.e., z
That finishes the first part.
For the case S 5 > 0, a similar calculation yields:
Again, we are done if |β| > |a 5 − a 4 |. However, for a 5 a 4 that follows as above. For g as defined in (17) holds:
Uniqueness of the solution
Hence, g is of only positive or only negative curvature. It follows that g has at most one extremum and together with the fact g(0) · g(σ 5 ) < 0 we can conclude that g has exactly one zero in [0, σ 5 ]. So the solution found in Section 3.2.2.1 is indeed unique.
Uniqueness of the solution in the regular case.
Recall that σ 
We discuss briefly some applications of a robotized C-arm with known inverse kinematics. For a more comprehensive overview of applications, see Refs [1, 11, 12] . All examples have been implemented with our robotised Ziehm Vario 3D C-arm prototype. This C-arm is non-isocentric with offsets a 4 = 130 mm and a 5 = 45 mm. Hence, it complies with the restrictions from Lemmata 1 and 2, and the closed-form inverse kinematic presented here can be applied. At the moment, the C-arm is controlled via a PC interface. As this is impracticable in an operating room environment, we plan to use the touch screen display the Vario 3D comes with for ergonomic operation. In practice, further considerations about the safety of personnel and patient have to be made. These considerations are not the topic of this paper, but have been discussed in Refs [1, 13] .
Cartesian movements and isocentric rotations
As presented in Section 2, C-arms have three rotational joints. This configuration makes cartesian movements, i.e., parallel shifts of the beam in x, y or z direction difficult to perform manually. With the help of a robotized C-arm and with the inverse kinematics, this task becomes easy. Starting from the old position p old and beam direction z old a new position is defined by
where α is the step width and (x, y, z)
T is the step direction. Then the inverse kinematics is solved for p new , z old . The yielded joint parameters are then used to position the robotic C-arm.
In much the same way pivot rotations about the point of interest are performed. Most C-arms are built as non-isocentric because of technical limitations. So pivot rotations require a change in at least two joints. More often, changes in all joints are necessary. Our robotized system easily implements such movements and allows for an isocentric rotation around an arbitrary axis. Technically, the inverse kinematics is solved for p old and a new z new , which is calculated by rotating z old around an arbitrary angle φ around an arbitrary axis.
Longbone and poster images
The field of view of a standard C-arm is normally not more than 30 cm in diameter. For a quick screening of, for example, the whole femur or the thorax in an emergency room we use automatic cartesian movement parallel to the bone or to the thorax plane. In this way, the C-arm is positioned such that several X-ray images can be composed to show the whole femur [14] or thorax. Note that this works without any postprocessing registration or navigation step, because the image position is known inherently from the robotised system. For an example, see Fig. 5 .
CT and DSA
Advances in computer hardware as well as image reconstruction algorithms have made it possible to reconstruct complete three-dimensional volume information for the imaged object from a limited number of X-ray images. In this way, we implemented CT and DSA procedures. Using isocentric rotation we take a number of X-ray-images from the object, e.g., 30 for CT or just three for DSA. These pictures are then fed together with the z vector into reconstruction algorithms like Refs [15] or [16] to produce a complete volume reconstruction (CT) or to recover the vessel tree (DSA). Figure 6 presents the CT of an artificial bone. The reconstruction used 50 real X-ray images taken with the robotized C-arm. Figure 7 shows an artificial example of DSA reconstruction of the vessel tree produced by our algorithm. An experiment acquiring real data with the robotized C-arm will be performed in the near future. 
CONCLUSION
We presented a closed form solution of the inverse kinematics for a general C-arm with two rotational offsets. The solution is based on finding the unique root of an algebraic function in a given interval. The existence and uniqueness of a joint position to X-ray a given point of interest p from a given direction z was proven. The inverse kinematic solution allows for robotizing a C-arm and using it for a number of advanced procedures. First tests confirm the applicability of the robotic C-arm for procedures like longbone images, CT and vessel tree reconstruction from DSA images. 
